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The p rob lem of de te rmin ing  the separa t ion  coeff icient  of a plane diffusion column with a wall  
t e m p e r a t u r e  which v a r i e s  along the height is  solved.  

We will examine the p rob lem of the rmal  diffusion separa t ion  of i so topes  in the liquid phase  in a 
column for  which 

T = T ( x ,  z), 

the axis z is d i rec ted  along the column, and the axis  x is  d i rec ted  a c r o s s  the gap. The the rmal  diffusion 
p r o c e s s  taking into account the condition of quas i - s t eady  s tate  is  descr ibed  by the equation 

div j = O, (1) 

where  

L O~c >> O2c 
Substituting (2) into (1) and introducing s impl i f ica t ions ,  based  on the condition ~ -  >> l, ~ --~-~-, 

o r  a ( ~  a r  a (cc-T , 
Ox " - - ~  >> ~ " T ' and paying attention that AT = 0 (the heat  exchange p r o c e s s  in the column - the 

the rma l  conductivity p roces s ) ,  we will obtain 

Oc Oc a~c pD~z aT O (c~ 
p u - ~ -  + pv - - ~ - -  pD -fffi~. + T " ~ " ~ = 0 .  (3) 

On der iving equation (3) it is a s s um ed  that p, D, a do not depend on the t e m p e r a t u r e  and concentrat ion.  

As usual [1], the cu r r en t  of the light component  towards  the top of the column (with the condition that 
the axis  z is  d i rec ted  upwards) is given by the equation 

8 8 

0 0 

where  �9 (x, z) = - S pvdx is  what is known as  the function of the flow. 
0 

The value ac /~x  is  de te rmined  f rom equation (3) by consecutive approximat ion.  For  the f i r s t  ap -  
proximat ion  we will adopt the value Oc/ax for  a case in which there  is  no longitudinal t e m p e r a t u r e  gradient  
in the thermal  diffusion coluran and consequently u = 0. 
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F r o m  [1] we have 

a__s = . . . .  1 ac e l ,+ ~ , __aT c-[. (5) 
Ox pD az T Ox 

Substituting the value 3c/~x into the f i rs t  t e rm of equation (3) and integrating it with respec t  to the 
coordinate x, assuming that c--~ and ac /0z  do not depend on x, we will obtain a new value for ac/Sx: 

a_A_c = 1 Oc dp 1+ + "-T- ax 
ax 9D az 

where f = ,I udx is the function of the flow in the lateral  direction, if f <(" D for 3c/0x we obtain the expres -  
0 

sion of the fo rm (5). Expression (6) can be used for the second approximation according to the de termina-  
tion 0c/Ox etc. 

In the n-th approximation the express ion for 3c/0x will have the form 

ov o-;- 
! 

n 

! 

Substituting (6') into (4) for ~- we will obtain the express ion 

de 
~: = t t ~ - -  K ~-z + ~c, 

where 
n 

;{; [ Y, H = B  .. ~ __OT r (x; z) l-t- dx, 
Ox 

0 1 

6 n 8 

0 l 0 

(6') 

(7) 

(s) 

For  the case of a column operat ing without separating,  the equation for the flow in the steady state will be 

�9 =Hc~--  K ~ =0. (9) 
dz 

As distinct f rom the Jones and F e r r y  equation here  H = H(z), K = K (z). 

Equation (9) is the Bernoulli equation which can be integrated by squares.  
operat ing with separat ion we will obtain the Rikkati equation 

de 
/-/(z) c c -  h" (z) ~ + ~ (c~ - c) = o. (1 o) 

For  the case of a column 

This equation is not usually integrated by squares ,  as the solution can be obtained for the l inear approxima-  
tion cc = a + bc. 

We will examine the thermal  diffusion plane column in which tbe tempera ture  on the walls is assigned 
in the following way: 

x=0, T =  To, x=5, T =  T 1-]- kz, 

where k is  constant.  
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Solution of the problem does not vary  in principle in the case of l inear  variat ion of the tempera tures  
on both walls  and the given sys tem is chosen only for simplification of the calculations.  The equation of 
movement  for a steady state case 

_ ~ . a T  ( 1 1 )  a__~_w, a(av)  aw a (aw) = ~ ,  + pg a-~- ' 
Oz Ox ax az 

where,  as usually, 

OuY . v =  �9 ~ �9 
az ' - ~ x '  p .p 

The energy equation 

/ a~T O~T \ 
a T  "]- u - - a T  = a [ - - - ~ x  --~- -----~z2 ) . ( 1 2 )  a--[ ax 

For  the case of the thermal  diffusion column used for separation of isotopes in the liquid phase 
�9 considerable simplifications are possible in the equations of movement and energy.  We will write the equa- 
tion of movement  in the coordinate form: 

Ov Ov 1 ap [ 02v O*v ] 
v ~ Jr u . . . . . . .  , (13) 

ax p az F gpo + v [-~x ~ + az 2 J 

au Ou _ 1 a.__p_p --k v [ a2u -}- a2u ] (14) 

F r o m  the balance of liquid in the gap 

6 av 
u ~ - -  �9 (1 5) 

2 az 

Taking into account (1 5), we will c a r r y  out an evaluation of the t e rms  in equations (13) and (14): 

Ov v 2 av v 2 c~v v 
~ , ~  " - -  ~." ,, ; V ~ ' r  ~ 

Oz L ' u Ox 2L Ox 2 62 ' 

hence 

ao Ov 
U - -  t /  

Oz 62v Ox 62v 

a2v Lv  02v 2Lv 
'V - -  'V - -  

Ox 2 Ox 2 

(16) 

In the case of thermal  diffusion separat ion in the liquid phase for columns, the charac te r i s t i c  magnitudes 
will be [1] 5 = 2 .5-10-4m,  L ~ 0.5m, v = 0.5.10 -G m2/sec,  the longitudinal component of the speed of the 
convective flow in the case of AT x ~ 100~ v ~ 10 -3 m / s e e .  

Substituting these values into (16), we will obtain 

av Ov 
t ) - -  U - -  

Oz Ox 
O~v ~ 10-~; 02v ,~ 10 -4 ,  

" r  V - -  

Ox ~ Ox ~ 

according to the same considerat ions in equation (14) 

Ou Ou 
t )  - -  U - -  

Oz Ox 
O~u ~ 10-4; 02u 

u %' _ _  

Ox ~ Ox ~ 

10 -4  . 
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Consequently,  in equations (13) and (14) it is poss ib le  to d i s r e g a r d  the nonlinear t e r m s .  Hence,  by 
introducing the s t r e a m  function ~ and e l iminat ing f r o m  the equation the p r e s s u r e  t e r m ,  we will wr i te  the 
equation of movemen t  in the f o r m  

OT = 0 (17) 

with the boundary conditions x = O, 5: Or = O,!,/Oz = O. 

On analyzing equation (12) we will note that in the examined p rob lem the t e m p e r a t u r e  var ia t ion  along 
the axis  z has  the c h a r a c t e r  of t e m p e r a t u r e  nonuniformit ies;  hence AT z <-- Tx, where  ATz,  AT x a re  the 
m a x i m u m  t e m p e r a t u r e  d i f fe rences  along the length of the column and a c r o s s  the gap respec t ive ly .  

We will c a r r y  out evaluation of the t e r m s  in (12), paying attention to the re la t ionship:  

OT T OT v T  O~T T 
v - - - ~ v ~ ;  u ; a - - ~ a - - ,  

Oz L Ox 2L Ox 2 6 ~ 

hence 

OT OT 
U 

Oz v62 . Ox v62 �9 (18) 
0 ~T aL O~T 2aL a - -  

Ox 2 Ox ~ 

Substituting the magni tudes  cha r ac t e r i s t i c  for thermal  diffusion in the liquid phase (for the liquids a = 10 -4 
to 5.10 -4 mZ/h) into (18) we will obtain 

OT OT 
U - -  t , f .  - -  

Oz Ox 

02T O~T 
a ~ a 

Ox ~ Ox ~ 

_ _  . . ~  1 0 - a  

Consequently it is poss ib le  to neglect  the lef t  hand pa r t  in equation (12) and equation (12) is t r a n s f o r m e d  in-  
to the the rma l  conductivity equation: 

AT=0. (19) 

The boundary conditions: 

x=O, T =  T o, x=5, T =  Tx + kz. 

The solution (19) taking the boundary conditions into account will be the function 

where  

T = T O + (m + nz) x ,  

T 1 - -  T O 
/ n - -  

Substituting the value T into equation (13), we will obtain the equation of movement  in the fo rm 

vAAW + ~g (m + nz) = 0. 

We will look for  the solution (20), as usual ,  in the f o r m  

. ( 2 0 )  

= e (x) + ~ (x) (rn + nz). (21) 

Substituting (21) into (20) gives two equations for de termining  e(x) and r 

(x)'V = O, 

q~,v + I~_g_g = 0 
V 

(22) 

(23) 
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with the boundary conditions 

dcp _ de o (24) x=0, 8: ~=0; ~ - - 0 ;  - ~  =0; ~(8)-~(0) = Bp 

The last  condition is the condition for conservation of mass  in the gap of the thermal diffusion column. 
Solution of equations (22) and (23) taking into account the boundary conditions (24) gives the following expres -  

~g 

6v 

sions for u and v: 

x x -  (x-,~) (m + nz) + 8-~p 

u - -  ~gn x 2 ( x -  6) 2. 
24,; 

In o rde r  to determine the thermal diffusion coefficients H and K f rom (8) we will evaluate the magnitudes 
f: for 5 = 0.25 mm and the pa ramete r s  of the liquid/3 = 10 -3 deg-1; v = 0.5.10 -2 em2/sec;  D ~ 10 -~ cm2/sec 
and k = 1, f = 10 -?, hence f/D ~ 10 -~ << 1. 

Consequently, even for large longitudinal gradients  (k = 1) f / D  << 1, in equation (8) 

v<<l. 

The function of the flow in the longitudinal direction 4, (x, z) will be 

r = [}go (m + nz) - -  8az + ~ ~ B  
12v 

[ 8'x~ Xs ] (25) 
2 3 

Substituting (25) into (8) and taking into account that 

* H = H o  [1 

E fn/Dn << 1, we will obtain 

(m + nz) ago8 ] 
2T ] ' (26) 

where 

H 0 
B~gp 2 (m + nz) 26s(z., % = __u ," 

720~i T H o 

K=Ko+K~; Ir [I- 7 (m + nz) ~Xo 8 13(z'u o (m + nz) ~ 52 ] 
2T "[- 50T 2 J " 

(27) 

Here 

K o = ~'g~pSBS~ (m + nz) ~ , Ka=BOpD. 
362880q~D 

For  the ease of thermal diffusion of isotopes the t e rms  in the square brackets  (26) and {27), af ter  unity are  
much smal le r  than unity, and therefore ,  as in [1], H ~ H0; K d << Kc; K ~ K ~ 

It is seen f rom express ions  (20) and (21) that H and K differ for our case f rom the t rans fe r  coef-  
ficients for  a column with a tempera ture  which is constant over the height by the fact that (AT) 2 is replaced 
by (m + nz2). It is  then c lear  that for a column operat ing without separation,  in the steady state,  we will 
obtain 

where H/K will be accurate ly  equal to H/K for  a column with a constant temperature  over the height. How- 
ever ,  this means that even marked l inear variat ion of the temperature  over the height does not lead to 
variat ion Q in an equilibrium state and, consequently, for a column operating without separation it cannot 
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be the cause  of d e t e r i o r a t i o n  of the s e p a r a t i o n  coef f ic ien t .  I t  i s  n e c e s s a r y  to s t r e s s  m o s t  c l e a r l y  that  this  
conc lus ion  is  a c c u r a t e  only when the t e m p e r a t u r e  over  the width of the co lumn is  comple te ly  cons tan t ,  s ince  

in  the opposi te  case  the co lumn  can no l o n g e r  be r e g a r d e d  as ope r a t i ng  wi thout  s e pa r a t i on .  

F o r  a co lumn  o p e r a t i n g  with s e p a r a t i o n ,  the equa t ion  of the flow 

l-Icc-I< --~-Z--~(Ce'C) = 0, ( 2S )  

with the condi t ion  on the bounda ry  z = 0, c = c 0. 

We wi l l  i n t roduce  the des igna t ions :  H -- A (m + nz) 2, K = N (m + nz) 2 where  A and N a re  eons tan t .  The 

so lu t ion  of equa t ion  (28) wi l l  be:  

( N ,) [_ (m + nLz) ~ j 

(29) 

where  0 -< z <- 1. The i n t e g r a t i o n  cons t an t  is  d e t e r m i n e d  f r o m  the condi t ion  z = 0; c = c 0. 

The e x p r e s s i o n  unde r  the in t eg ra l  s i gn  cannot  be i n t eg ra t ed  to the end. An e x p r e s s i o n  su i tab le  for  

c a l cu l a t i on  can be obta ined  for  the case  cc = cons t  = a.  We wil l  note ,  by the way,  that  for the indiv idual  
co lumn  in  the case  of t he rma l  d i f fus ion s e p a r a t i o n  of i so topes ,  this  l i m i t a t i o n  does no t  appear  r i g o r o u s .  

The e x p r e s s i o n  which e s t a b l i s h e s  the connec t ion  be tween  the in i t i a l  Co, the f inal  Ce, 

and the s e p a r a t i o n  a for  the case  cc = cons t  -- a has  the f o r m  

goa [[lnCOL+ [ m'* ] 
nL [ nn! 

r ~ l  

m ' ~  ~ / , 

the c o n c e n t r a t i o n  

(30) 

whe re  ~ = g /Nn;  w L = 1 / ( m  + nLz);  0 <- z -< 1. 

Since equa t ion  (30) as  wel l  as  the equat ion  for  the c o l u m n  with a cons tan t  t e m p e r a t u r e  ove r  the height  
i s  t r a n s c e n d e n t a l ,  then a d i r e c t  exp lana t ion  of the in f luence  of the long i tud ina l  t e m p e r a t u r e  g r a d i e n t  on the 
s e p a r a t i o n  in  the co lumn i s  not poss ib l e .  In o r d e r  to i l l u s t r a t e  this  in f luence  we wil l  c o m p a r e  the o p e r a t i o n  
of the t h e r m a l  d i f fus ion co lumn  with t e m p e r a t u r e s  which a r e  cons tan t  and v a r i a b l e  over  the height .  We 
wil l  c a r r y  out the c o m p a r i s o n  for  t e m p e r a t u r e  f ie lds  which gua ran t ee  equal d i s c h a r g e s  of ene rgy .  The 

p a r a m e t e r s  of the co lumn  a r e  L = 40 cm;  B = 9.4 cm;  AT = 100~ 

In  the case  of a t e m p e r a t u r e  which is  v a r i a b l e  over  the height ,  we wil l  examine  two s y s t e m s :  a) T 1 

= 50~ k -- 2.5 d e g / c m ;  T o = 0~ 2) T 1 -- 150~ k = - 2 . 5  d e g / c m ;  T O = 0aC. 

F o r  a case  of cons t an t  t e m p e r a t u r e  T 1 = 100~ T O = 0~ k = 0. B r o m o b e n z e n e  [1] c o = 0.5, e e = 0.6 

i s  taken as  the in i t i a l  subs t ance .  

As a r e s u l t  of ca l cu la t ion  we obtain:  for  a t e m p e r a t u r e  which is  cons t an t  over  the he ight  (r = 10 g /24  
h o u r s ,  for  the case  k = 2.5 d e g / c m  a = 6 g /24 h o u r s ,  for  the c a s e k  = - 2 . 5 d e g / c m  a = 3.8 g /24  h o u r s .  

Consequen t ly  the l i n e a r  v a r i a t i o n  of the t e m p e r a t u r e  ove r  the height  has  a negat ive  effect  on the 
ope ra t i on  of the t h e r m a l  d i f fus ion  co lumn  in  a s e p a r a t i n g  s y s t e m .  

N O T A T I O N  

T t e m p e r a t u r e ,  ~ ; 
p dens i ty  of the m i x t u r e  
/3 coef f ic ien t  of vo lume expans ion ;  
v coef f ic ien t  of k i n e m a t i c  v i s cos i t y ;  
g g r a v i t i a t i o n a l  a c c e l e r a t i o n ;  
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u, v velocity components of convective flows; 
coefficient of thermal diffusitivity; 

D concentration diffusion coefficient; 
L length of the column; 
6 width of the gap; 
cr magnitude of separation. 
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